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Abstract 

Spin is an important quantum degree of freedom in relativistic quantum information the- 
ory. This paper provides a first-principles derivation of the observable corresponding to a 
Stern-Gerlach measurement with relativistic particle velocity. The specific mathematical form 
of the Stern-Gerlach operator is established using the transformation properties of the elec- 
tromagnetic field. To confirm that this is indeed the correct operator we provide a detailed 
analysis of the Stern-Gerlach measurement process. We do this by applying a WKB approxi- 
mation to the minimally coupled Dirac equation describing an interaction between a massive 
fermion and an electromagnetic field. Making use of the superposition principle we show that 
the +1 and —1 spin eigenstates of the proposed spin operator are split into separate packets 
due to the inhomogeneity of the Stern-Gerlach magnetic field. The operator we obtain is 
dependent on the momentum between particle and Stern-Gerlach apparatus, and is mathe- 
matically distinct from two other commonly used operators. The consequences for quantum 
tomography are considered. 

1 Introduction 

Over the past decade or so there has been a growing interest into the field of relativistic quantum 
information [H-|l7j. the goal being to develop a mathematical framework which combines aspects 
of both relativity and quantum information theory. The aim of this program is primarily to shed 
light on the relationship between these two cornerstones of physics but also to investigate possible 
near future applications in areas such as long range quantum communication in which relativistic 
effects cannot be neglected 

One of the necessary features for this program is a relativistic measurement formalism, i.e. a 
recipe for extracting empirical predictions given a measurement setup and a quantum state. First 
and foremost this formalism is required to be Lorentz invariant in the sense that the predicted 
statistics should be independent of the reference frame in which we choose to describe the experi- 
ment. In order to do this it will be convenient to introduce a notation which is manifestly Lorentz 
covariant. As result of this we will be required to not only recast Hermitian observables into this 
relativistic notation but also replace the standard non- relativistic inner product. The advantage 
of doing this will not only be to develop a relativistic measurement formalism which is manifestly 
Lorentz invariant but, as we shall see, will also greatly simplify the derivation of a relativistic 
Stern-Gerlach measurement operator. 

This paper will be concerned with relativistic spin measurements. In the literature there have 
been several proposals dating back to the 1960's for relativistic spin operators and these have 
been studied in the context of quantum field theory for various reasons (see e.g. [l8l - l22j ] 1 . More 
recently, these operators have been used in relativistic quantum information theory to predict 
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measurement statistics for relativistic spin measurements 0, 0, l^-Hoj . The approach of this paper 
will not follow these proposals. Rather we will follow a strictly operational approach, where we 
will expand on results developed in [l|, |2J . Specifically, we will derive the relevant spin operator 
for a Stern-Gerlach measurement of a relativistic massive fermion. Importantly, our operational 
approach yields a Hermitian spin operator which is mathematically distinct from these previous 
proposals. 

The outline of this paper is as follows: We will begin by reviewing the manifestly Lorentz 
covariant formalism developed in We will then derive the relativistic Stern-Gerlach spin ob- 
servable by modelling a Stern-Gerlach measurement. Firstly, the specific mathematical form of the 
Stern-Gerlach operator is established using the transformation properties of the electromagnetic 
field. Next, to confirm that this is indeed the correct operator we provide a detailed analysis of 
the Stern-Gerlach measurement process. We do this by applying a WKB approximation to the 
minimally coupled Dirac equation describing an interaction between a massive fermion and an 
electromagnetic field. Making use of the superposition principle we show that the +1 and —1 spin 
eigenstates of the proposed spin operator are split into separate packets due to the inhomogeneity 
of the Stern-Gerlach magnetic field. We conclude by discussing the consequences for quantum 
tomography. 

2 Mathematical description of spin qubits 

Before we can describe a quantum mechanical relativistic spin measurement, we must first specify 
how one can represent spin in such relativistic scenarios, and furthermore specify what the trans- 
formation properties under the Lorentz group are for such a representation. Having identified a 
particular representation we will then need to develop a measurement formalism and identify the 
form of Hermitian observables. 

There are two main ways in which one can represent spin. A common way is to make use 
of the Wigner representations [23j j , which are in fact infinite dimensional unitary representations 
of the Poincare group. This group has the added symmetry of translational invariance, and 
consequently Wigner basis states \p, a) are labelled with both momentum p and spin a = 1, 2. In 
this representation the momentum p transforms under the Lorentz group according to p a — > A a ppP , 
where A is a general Lorentz transformation and a,/3,... = 0, 1, 2,3 are spacetime indices, with 
spacetime metric n al3 = diag(l, — 1, — 1, — 1). However, the spin component strictly transforms 
under the Wigner rotations and constitutes a representation of what is called Wigner 's little 
group, which is isomorphic to SU(2). Specifically, Wigner's little group consists of the set of 
Lorentz transformations under which the 'standard' momentum p a — tuSq of a particle with mass 
to is left invariant [23|, where 5g is the Kronecker delta symbol. 

The representation used in this paper, and in [l[ to which we refer the reader for further 
details and theoretical background, is distinct from the Wigner representation and deemphasises 
the use of the Wigner rotations. Here the mathematical object representing spin is an 5L(2,C) 
spinor. This is a two-component complex- valued object tpA with index A = 1, 2 that transforms 
covariantly under the spin-i representation of the Lorentz group, i.e. by tpA ~> ^-a^Pb- This 
transformation law differs from the Wigner rotations, which are spatial rotations defined using a 
preferred frame. The reason why we adopt this alternative but equivalent representation of spin 
is primarily because we will insist on manifest Lorentz covariance which will greatly simplify our 
derivation of our relativistic spin operator. However, the results of this paper are presented in a 
form in which they can be interpreted in the Wigner representation if desired. 

As this formalism may not be familiar to some, we will first briefly summarize the notation and 
the key features. Specifically, we will review spinor notation, the definition of an inner product, 
the modified notion of unitarity, and finally Hermitian operators and observables. 
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2.1 Representation of Spin and spinor notation 

A spinor is fundamentally a two-component complex vector ipA living in a two-dimensional complex 
vector space W . Here spinors are taken to be irreducible representations of SL(2, C), which forms 
the double cover of the identity component of the Lorentz group, SO + (l, 3). As such, W carries 
a spin-i representation of the Lorentz group. In the spirit of Relativity we will use a geometric 
notation similar to that used for tensors. Therefore, a spinor ipA carries an SX(2,C) spinor index 

A =1,2. _ 

Complex conjugation takes a spinor ipA S W to a spinor ipA = V'a' ^ W, the conjugate space 
of W . We distinguish the elements of W by pla cing a prime on the spinor index: A' (as is the 
notation commonly used in treatments of spinors [24- 26] ) . The summation of indices then follows 
the Einstein summation convention: We can only contract when one index appears as superscript 
and the other as subscript, and only when the indices are either both primed or both unprimed, 
e.g. (j)Aip A and £a'X A > but not §A'i> A ■ 



2.2 Lorentz group and SL(2,C) 

We are concerned with spin of a massive fermion such as an electron. Such an object is usually 
taken to be represented by a four-component Dirac field ^(x), which constitutes a reducible spin-^ 
representation of the Lorentz group. At the same time we would like a qubit representation of 
our spin-i system, so it is natural to use a two-dimensional object. Such a representation can be 
found by working with the Dirac field in the Weyl representation. In this representation the Dirac 
field splits into two 2-component SX(2,C) spinors ^(x) — {4>a{x),X A ( x )) which constitute the 
left and right handed irreducible spin-^ representations of the Lorentz group. We will represent 
qubits with the two-component left-handed Weyl spinor field 4>a{x). Working instead with the 
right-handed component x A would yield the same results. 



2.2.1 SL(2,C) 

We now turn to the Lorentz group. In the Weyl representation, the Dirac gamma matrices take 
on the form 

' a a " 
a a 
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where <j a = (I, a 1 ) is the Pauli 4-vector and a a = (I, — a 1 ). The Weyl representation allows us to 
extract from the Dirac algebra {7°, 7^} = 2r] al3 the left-handed two-component algebra 

O AA' G +< 7 AA>< 7 = 2r l °A I 1 ) 

where S A B is the Kronecker delta. If we use the convention in (25| whereby the primed index for 
a a is a row index and unprimed is a column index, and the opposite for a a , we can explicitly 
identify both a 0A A = S A A and <J° AA , = Saa' as the 2x2 identity matrix, and the spatial parts 
a lA and a 1 AA , as the usual Pauli matrices. 

The Pauli 4-vector plays a special role because it is invariant under Lorentz transformations 
on all indices, that is 27j . 

K%K A B K A B,d pB ' B = o aA ' A (2) 

where A"^ is an arbitrary spin-1 Lorentz transformation and A"^ is the corresponding spin-^ 
Lorentz transformation. 

The generators of the group are constructed as S a/3 = 7 [7™, 7^] for the 4-component formalism 
or in spinor notation 

- [a aa'V - a AA' ) ( 3 ) 

for the left-handed 2-spinor. 

Note that the Pauli 4-vector is not referred to as an operator in this formalism. An operator 
for spinors ipB instead carries an index structure A A . Wherever possible we will keep indices 



T a8 a _ 
L A 
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implicit and use the standard notation A for operators. Using this notation the components of 
the generators can be written as 

L 0j = -a 3 , = -e ij ,a k 

2 ' 2 k 

where a 1 are the standard Pauli operators^ The 1?^ components generate boosts and the L y 
components generate rotations. 

2.3 Lorentz invariant measurement formalism 

Up to this point we have discussed spinor notation and the spin-i representation of the Lorentz 
group. This structure on its own does not provide a quantum formalism. To achieve a quantum 
mechanical description we must also introduce an inner product to promote the spinor space W to 
a Hilbert space ri, and then construct a formalism to extract predictions according to the rules of 
quantum mechanics. This formalism differs to that used in the Wigner representation since the two 
component irreducible representation of SX(2,C) constitutes a non-unitary spin-^ representation 
of the Lorentz group. However, a notion of unitarity can be recovered by introducing a suitable 
inner product and not insisting on using representations. This has the effect of modifying the form 
of Hcrmitian operators, as well as causing the action of the Lorentz group on qubits to no longer be 
a representation. The latter is an immaterial effect, whereas the former requires a reformulation 
of Hermitian operators. We will here simply state the results of the formalism derived in 

2.3.1 The quantum state and inner product 

In order to promote the spinor space W to a Hilbert space ri an inner product is required. In 
spinor notation a sesquilinear inner product requires a spinorial object with index structure I A A . 
The appropriate object is given by I A A = u a a aA A where u a is the 4-velocity of the particle 
carrying the spin. For a Wigner state this would be represented by the momentum p in \p,%p). 
The inner product between states represented by the two spinors ip\ and tp A is 

<W) = I^Wa = u a a aA 'HW A (4) 
where the connection between Dirac bra-ket notation and spinor notation is identified as 

|V) ~i>A W^I A ' A ij A ,. (5) 

The inner product ^ is Lorentz invariant. This follows immediately from the fact that all indices 
have been contracted, and that a aA is invariant under Lorentz transformation, @. This inner 
product emerges by taking the WKB limit of the Dirac field. In this limit not only do we obtain 
a well defined inner product on the spinor space and a classical trajectory with velocity u a for 
a localised wavepacket but in addition a conserved probability current j a that ultimately allows 
us to apply a quantum mechanical interpretation to the state ipA- This allows us to promote 
W to a Hilbert space. Given that I A A depends on the particle's 4-velocity or equivalently 4- 
momentum, the corresponding Hilbert space is labelled with momentum p: H p . With this inner 
product we have a finite dimensional unitary formalism describing the transformation of spin tpA 
under arbitrary Lorentz transformations. Note that we no longer strictly have a representation of 
the Lorentz group since an arbitrary Lorentz transformation A will correspond to a map between 
distinct Hilbert spaces A : T~L p — ¥ ri^ p , rather than within a single spaceH By not insisting on 
using representations we have managed to sidestep Wigner's theorem that any faithful unitary 
representation of the Lorentz group must be infinite dimensional [28j . 

1 While having the same components as the Pauli matrices, note the distinction between the operator a 1 which 
maps a spinor ip A ~ ► <t>A whereas the object a' A A would map ip A — t (j> A . 

2 We recall that a representation of a group consists of the set of linear operators acting on a single vector space. 
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2.3.2 Hermitian operators 



Now that we have a well-defined inner product, we can consider the general form of Hermitian 
operators, and derive the mathematical form of observables. To do this we start with the standard 
Hermitian property for an operator A: 

= (x\Afl>) - (A X |V) 

= lf A XA'A/lP B - lf A A^XB^A- 

For this to hold for all \A and tpA we must have that I A ' B Ag = I B ' A A^t' . Making use of (JTJ 
and (J3|), and using the self dual property L Q/3 = ^ie a ^ lS L 1 s [27], Eqn. 2.74] to introduce the Pauli- 
Lubanski vector W a (p) := ^e a ^ lS ppL 1 s = ippL a P , one can then show that a Hermitian operator 
A must be of the form 

/ 2W a (n) -A 
A = 2m aUfs L ap + n a Upr) af> l = n a — + u a l (6) 

where each operator is identified by a Lorentz 4-vector n a of real coefficients. Every Hermitian 
operator has a real eigenvalue spectrum, and its eigenstates \tp ) are orthogonal with respect to 
the inner product I A . 

We are now interested in spin observables formed from Hermitian operators (|6]). A spin ob- 
servable evaluated in the particle's rest frame should reduce to the non-relativistic expression ni<j l 
where n l is the normalised spin measurement direction. This implies that n a in ^ is orthogonal 
to u a , i.e. we have the condition 

u a n a = 0. (7) 

The magnitude of n a only rescales the eigenvalues of the observable and without loss of generality 
we can normalise it so that it is spacelike with n 2 = — 1. The Lorentz invariant expectation value 
of an observable A for a spinor if) a is then given by 

Mi|V> = -In A $A>nJ^^ipB = -n a a aA ' A ^ A ^ A . (8) 

This expression is covariant and has been written in the Weyl representation where we have made 
use of the relationship -^I A B W a % = a aA A — u a u^a^ A Lorentz invariance follows immedi- 
ately because all spinor and spacetime indices have been contracted, and all objects transform 
covariantly. 



3 Intuitive derivation of the Stern- Gerlach observable 

The task now is to determine the correct spin observable for a Stern-Gerlach measurement in which 
the Stern-Gerlach apparatus and particle carrying the spin have a relativistic relative velocity. 
Given the measurement formalism and formation of Lorentz invariant expectation values outlined 
in the previous section, the problem of determining a 'relativistic Stern-Gerlach spin operator' is 
reduced to simply determining how n a is related to the direction of the Stern-Gerlach apparatus. 
This analysis will follow 



3.1 The non-relativistic Stern-Gerlach experiment 

Before we consider the relativistic case it is helpful to first review a standard non-relativistic 
Stern-Gerlach spin measurement represented by the arbitrary non-relativistic Hermitian observable 

3 For those familiar with the Wigner representation, the expectation value (k,tp\ n- a \k,i/j) in the rest frame is 
written as — 2 (p, tp\ n a W a (p)/m \p, ip) in a boosted frame, with W a (p)/m = ^L(p)° I i a r I3.I3. |29|| . where L(p) is the 
boost relating the frames. 
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ni<7 % . In this case a particle is passed though an inhomogeneous magnetic field. This causes the 
wavepacket to separate into two packets of orthogonal spin, after which a position measurement 
records the outcome. In the rest frame of the particle, the fermion is exposed to a magnetic field 
B\ G = |i? SG |6f G for a short period of time, which is the magnetic field as measured specifically in 
the Stern-Gerlach rest frame, denoted by SG. The direction bf 2 of the magnetic field defines the 
quantization direction of the spin, and the gradient of the magnetic field Vj|i? SG | determines the 
rate and direction along which the wavepacket splits into eigenstates of b\ a a l [30|. Therefore in 
the non-relativistic case the measurement direction ni is simply the direction of the magnetic field 
in the Stern-Gerlach rest frame, 6? G . 



3.2 The relativistic Stern-Gerlach experiment 

We now turn to the relativistic scenario. In this case the qubit is now moving through the Stern- 
Gerlach apparatus with relativistic velocity. Viewed in the rest frame of the particle, denoted 
RF, the measurement process is indistinguishable from the non-relativistic one described in <j3. 11 
However, in this frame the fermion will experience a transformed magnetic field Bf F — \B RF \bf F . 
The measurement direction is now given by n l — U RF1 giving a spin observable of 6f F a*0 This spin 
observable is written in the specific frame of the particle rest frame, and due to the transformation 
properties of the magnetic field, the relationship between bf F and the orientation of the Stern- 
Gerlach apparatus is nontrivial. The goal is now to arrive at a covariant expression of the spin 
observable in terms of the Stern-Gerlach direction &^ G and the 4-velocities of the Stern-Gerlach 
apparatus and the particle. 

In order to do this we assume that the electromagnetic field generated consists of purely a 
magnetic field in the rest frame of the Stern-Gerlach device, 

F a ,3 = -e a p lS v~* B 5 SG = ^ ^ (9) 

where v 1 is the 4-velocity of the Stern-Gerlach device and B^ G is the magnetic field 4-vector of 
the Stern-Gerlach device. The double star '**' of the right hand side indicates that it has been 
evaluated explicitly in the frame where v a — (1, 0, 0, 0), i.e. the Stern-Gerlach rest frame in which 
the Stern-Gerlach magnetic 4-vector is given by B^ G = (0,B| G ). 

We can now determine the 4-vector B^ F defined by B™ F = (0,£? RF ), where V indicates eval- 
uation in the particle rest frame, u a = (1,0,0,0). The covariant expression for £?" F is given by 
B^ F = —^e a/3 ' yS UfsF 1 s, which when inserted into © yields 

K F = \e a ^ 5 upe lSKX v K B^ G = B° G (v ■ u) - v a (B SG ■ u) (10) 

with e a ^ lS e 1 sn\ = — 2(<5" 5^ — 5"5^) [31, p. 87], and the notation a - b = a a b a indicating a 4-vector 
scalar product. Considering a spin measurement using this magnetic field, the four- vector n a in 
([8]) is now the normalized direction of the rest frame magnetic field: 

n a (m,u,v) = b^ = ^- (11) 



where |£? RF | := y — B^ F B^ F rj a /3, and from (TTCfl) we have 6 RF ■ u = 0, in agreement with ([7]). By 
Eqn.(|n]) the relativistic spin operator is therefore given by 



S» := -fc^^S- (12) 

TO 



4 Similarly it is the gradient of the rest frame magnetic field V,:|-B RF | which now determines the rate and direction 
along which the wavepacket splits. 



G 



and the expectation value of the corresponding measurement is calculated using Expectation 
values ([8]) are invariant under simultaneous Lorentz transformation of both particle and appara- 
tus, and thus with only the relative velocity between the apparatus and qubit and the spatial 
orientation of the Stern-Gerlach apparatus, we can calculate the expectation values corresponding 
to a relativistic Stern-Gerlach spin measurement. 



4 WKB analysis of a Stern-Gerlach measurement 

In section [3] we argued that in the particle rest frame the measurement process is indistinguishable 



to a non- relativistic one [30, 32] . From this analysis we saw that it is the direction of the magnetic 
field, as seen in the particle rest frame, that determines which spin measurement is being carried 
out. That derivation used standard arguments based on classical relativity and nonrelativistic 
quantum mechanics (see also 0, 0] ) • 

In this section we provide a more fundamental analysis of the relativistic Stern-Gerlach mea- 
surement process, using the minimally coupled Dirac equation in the WKB limit. Our starting 
point is an equivalent two component formulation of the Dirac equation called the Van der Waerden 
equation. The two component field is then expanded, without loss of generality, as a superposition 
in the eigenbasis of the spin operator (fT2"|) . Using the linearity of the Van der Waerden equation, 
we can analyse each component of the superposition separately, and identify the classical trajec- 
tories of each component. We will use this to show that an inhomogeneous magnetic field results 
in the splitting of a localised wave-packet with arbitrary spin into two components of orthogonal 
spin. This analysis singles out (fT2"j) as the relevant spin operator for a relativistic Stern-Gerlach 
spin measurement. 

4.1 The WKB equations 

A qubit physically realized by the spin of a massive fermion is described by the Dirac field, therefore 
our starting point will be the Dirac equation minimally coupled to the electromagnetic field 

i7 Q L» Q * = i7 Q (a Q -ieA Q )* = TO* (13) 

where we define the U(l) covariant derivative as D a = d a — ieA a . ^ is the Dirac field, r y a are 
the Dirac 7-matrices and A a is the electromagnetic four potential. Strictly speaking it is the 
positive frequency solutions of the Dirac equation that describe a one particle state. Furthermore 
we assume that the strength of the electric field is insufficient to cause particle creation. We refer 
the reader to [l[ for a discussion of spin of a massive fermion as a realisation of a relativistic qubit. 

We proceed with the WKB approximation by putting the Dirac equation into a second order 
form. In the Weyl representation of the Dirac matrices, the field splits into ^ = ((f>A,X A ) [HI - 
The objects §a and \ A are each two-component Weyl-spinor fields constituting left- and right- 
handed spinor representations of SL(2,C). In this representation the Dirac equation splits into 
two separate equations 

w aA ' A D a (f>A = m X A ' (14a) 
ia a AA ,D aX A ' = m<p A . (14b) 

Solving for x A in equation (|14a|) . inserting the result into (|14bp . and rearranging yields a second 



order equation called the Van der Waerden equation 34 1 

r) a PD a Dp<p A - eF afi L afi A B 4> B + m 2 ^ A = (15) 

where F a p = d a A$ — dpA a is the electromagnetic tensor and we have used that L a P = ^a^ a a^ 
and 77 Q/3 = a^ a a^. 

The next step is to consider the Van der Waerden equation in the high frequency WKB limit 
[![. In this limit we see that the fermion travels along classical trajectories. We will assume that 
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the field is sufficiently localised for the purposes of the Stern-Gerlach measurement @ The goal 
then is to show that the wavepacket is split by the Stern-Gerlach magnetic field into two packets 
of spin corresponding exactly to the eigenstates of the spin operator (fT2|) . 

Traditional treatments of the WKB approximation begin with an ansatz for the spinor field of 
the form 

where s is to be thought of as a 'dummy' parameter whose only role is to identify the different 
orders in an expansion. This ansatz is substituted into the Van der Waerden equation. One can 
then expand in the limit e — s- 0; the high frequency limit. Mathematically this corresponds to 
splitting the field into a rapidly varying phase 9 and a slowly varying envelope ifA- The phase 
determines a field of wavevectors k a = d a 9 — eA a which in this limit define integral curves along 
which the envelope is transported. 

In the case of a Stern-Gerlach spin measurement we know the initial wave packet will be split 
into two wavepackets of orthogonal spin with different wavevectors = d a 6^ — eA a . Therefore 
we must slightly modify the WKB ansatz to 

^ A = a^+e i9+ ^ + b^e w ~/ £ (16) 

where we have, without loss of generality, expanded the spinor field in the eigenbasis of S A B (fT2j) 
with components a, b G C defined so that \a\ 2 + \b\ 2 = 1. The integral curves are determined by 
the phases 9 ± which correspond to the spin eigenstates tp A . We will see that these components 
are deflected in two different directions by the inhomogeneous magnetic field. 

Using the linearity of the Van der Waerden equation we can analyze each component (j> A = 
ip A e 10 / £ separately. Substituting <fi A into fT5)l yields 

\rf#d a dp<f% - eF afS L a \ B v % + ^{2k^d a cp^ + <f%d a k%) 

-ifcM+m^)e i9±/e =0 (17) 

where fc^ = d a 9 ± ~ eA a . It is customary to treat the mass term as e~ 2 and we shall do so here. In 
the e — » limit, which corresponds to large momentum, we notice that the electromagnetic field 
term F a p has a negligible influence in (|17p . Thus in order for the fermion to 'feel' the presence of 
the electromagnetic field, we will need to treat F a p as a 1/e term. 

The WKB approximation proceeds by separating the orders of e. For our purposes we neglect 
the lowest order terms and thus obtain the following set of equations 

i (2k£d a <f% + ^d a k% + ieF aP L aP A B <p^ = 0, (18) 

i (ktkl - m 2 ) <f% = 0. (19) 

The first equation (|18p will describe the evolution of the spin state of (p A along a trajectory [l[. 
The second equation (|19[) determines the trajectories along which the fermion is transported. As 
it is, the spin does not couple to the magnetic field, implying that the trajectories cannot be 
spin-dependent, and thus no spin-dependent deflection of packets can occur. However, if we treat 
the gradient of the magnetic field as a e~ 2 term, we can include such a term in (|19l) : 

{ktkl - m 2 ) p± - eeF a „L af) A B ^ = 0. (20) 

To zeroth order in e, Eqn. (|2"01) is still the standard dispersion relation, and implies that k± is 
timelikc. However, upon taking the gradient of (|20p . the second term becomes relevant. It is in 
this way that the trajectories become spin-dependent, producing the separation of the wavepacket 
that occurs in a Stern-Gerlach measurement. 

5 We refer the reader to 0] for further details on localisation. 
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4.2 Determining the spin-dependent trajectories 



It is from the integral curves of —r^ = u±{x) = k±(x)/m that we can read off the deflection 
of the trajectories, where u°L = u°_ prior to entering the magnetic field. In order to deduce the 
implications of (|20l) we first multiply it by I A A (p^,, obtaining 

(ktkt - m 2 ) |^| 2 - seF a ^ A L^ A B cp^% = 0. (21) 

Next, we decompose the operator F a pL a ^ into the electric field E RF and magnetic field B RF 
operators as measured in the rest frame defined by the initial 4- velocity u^. This is given by 

F a0 L ati = E RF + B RF 

(22) 

= 2u±u a ± F aP L^ + F aP h± a n h± p s Li* 

where h± a ^ = 5°^ — u%u^ is the spacetime projector onto the space orthogonal to the 4-velocity 

u±. The first term is anti-Hcrmitian with respect to the inner product I A ± A , whereas the second 
term is Hermitian. 

First consider the magnetic field term B RF . Using the self-dual property L Q/3 = iie a ^ 7(5 I/ 7 5, 
and substituting the specific form ^ of the electromagnetic field of the Stern-Gerlach apparatus, 
the expression can be rearranged to give 



B RF =F a ph ± <* 1 h± s V 5 

= -2iu a B RF L afs = \B RF \S 



where \B RF \ is the magnitude of the magnetic field as measured in the rest frame of u~ ([TUf . We 
see that the magnetic field operator is in fact the relativistic spin operator (fT2"]) derived in the 
previous section multiplied by the field strength. Given that ip^ are defined as eigenstates of this 
operator, ([To]) , we therefore have that 

(iP ± \B rf \tP ± ) =±\B RF \ (24) 

where the quantum state is identified as |-0 ± ) ~ V^/lv^l with \ip ± \ 2 = (p A ,I A A ip A . 

Let us now proceed to show that the expectation values of E RF in (j22"l) with \ip ) are zero. 
Firstly, we define the projector fig T(F = \(i ± rg^p B RF ), so we have 



(^1 = Tr^l^XV^I] = Tr[£ RF nf RF ] = Tr[£*(± ± — ^B RF )}. 



Using the Lorentz invariance of the expectation values, we can evaluate the expectation values in 
the particle rest frame where the operators take on the form E RF = Ef F a l and B RF = Bf F o l : 

(^\ Erf \^)^±^E rf B rf . 

The electric field vector is given by E RF = F° l = E l: > k VjBf s . By Ean. (fTU|) . B l SG is a linear 
combination of B RF and v z , and so we have E RF Bf F = 0. Therefore 

(V> ± |£ BF |V' ± ) =0. (25) 

Now substituting (|2~4")) and (j2"51 into (j2"T) , and taking the gradient of the resulting equation, 
we obtain 

= d a (kfki)±d a (\B RF \) 
= 2kld kt + 2eklF Pa ± d a {\B RF \) (26) 



9 



where we have used that 9 a (|-B RF |) ~ 1/e 2 . We see that = u" = k±/m must satisfy 

m ax± + e ^± pa ± ±ff*Q Biaf \) = (27) 

d 2 a; a dx' 3 _i_ 

where . t = ~d~^<9/3 M ± is the 4-acceleration and = 1. The first two terms of (|27p are 

simply the classical Lorentz force law, but in addition to this we have a deflection induced by the 
non-zero magnetic field gradient ±d a (\B RF \)/m whose sign depends on whether the spin is parallel 
or anti-parallel to the magnetic field B^f . 

The implications of (f2~T|) are as follows: prior to measurement we have that it" = it". The 
qubit is then exposed to a strongly inhomogeneous electromagnetic field F a p for a short period 
of time. This impulse-like interaction alters the velocity of the respective packets. For an ideal 
measurement this interaction is short enough that negligible precession of the spin, governed by 
(|18p. will occur during this splitting. The end result is the deflection of the 4'\ component of 
spin with amplitude \a\ 2 in the direction of the gradient of the magnetic field, and the deflection 
of the ip~^ component with amplitude \b\ 2 in the opposite direction. A position measurement will 
then produce the outcome '+' with probability |a| 2 , and '— ' with \b\ 2 . Thus we conclude that the 
operator corresponding to relativistic Stern- Gerlach measurement is given by (|12[) . 



5 Conclusion and discussion 

This paper provided two distinct ways of identifying the spin observable corresponding to a Stern- 
Gerlach measurement of a massive fermion where the relative velocity of the particle and Stern- 
Gerlach apparatus is relativistic. The first approach followed an intuitive argument based on the 
transformation properties of the electromagnetic field. The second approach was a first-principles 
approach, starting with the Dirac equation minimally coupled to the electromagnetic field. Using 
this equation we showed that in the WKB limit the '+' spin eigenstate of (|12[) is deflected 'up' 
and the ' — ' spin eigenstate is deflected 'down'. We therefore concluded that in the relativistic 
regime the appropriate spin-operator for a Stern-Gerlach measurement is 

s(v, P ^) = Wvp)-^-p)w a <r) (28) 

^■p) 2 -(p.j)) 2 m 

Notably the spin operator (|28p is momentum-dependent, so that, if the momentum is unknown, 
it is not possible to determine the expectation value. This has the following implications: Firstly, 
tracing over momentum of a state written in a tensor product basis of spin and momentum has 
been used in relativistic quantum information theory to extract the reduced spin density matrix 
0, 0, EH 35, 36[- However, we can see that due to the momentum dependence of the observable 



this reduced spin density matrix is not useful for extracting statistics of a relativistic Stern- 
Gerlach measurement. The usefulness of the reduced spin density matrix is further limited by the 
fact that it has no Lorentz covariant transformation properties 10,0^. 



Secondly, in quantum tomography of spin, one collects measurement data for various measure- 
ment directions. One then uses this data to solve for the quantum state. Non-relativistically, 
the relationship between the quantum state and measurement data is momentum independent, 
and it is enough to choose three linearly independent directions in order to reconstruct the quan- 
tum state. However, in the relativistic Stern-Gerlach case, the experimental data are related to 
momentum dependent theoretical expectation values of the quantum state, determined by (I28[) . 
Thus, if momentum is unknown, three linearly independent directions will not suffice. We leave it 
as an open question as to what minimal set of measurements is required to reconstruct the state 
in this relativistic case. 

As a final point about the specific form of (|2"5|) . we note that in the literature there exist 
several alternative operators that are used as observables for relativistic spin measurements. Two 
notable operators that have been proposed in the relativistic quantum information community are 
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S' oc cnW* @, [T3j and S" oc a^W 1 - T4^V/b + m)) 0, S, @, [H S-SI, where a, is a parameter 
determining which measurement is carried out. Although these proposals are Hermitian they are 
mathematically distinct from (I28|) and it can be shown that they lead to quantitatively distinct 
predictions. An intuitive reason for this can be found in [2j where the authors show that the 
directions extracted from the S' operator do not transform in the same way as a magnetic field. It 
can also be shown in a similar analysis that the directions extracted from S" do not transform like 
a magnetic field. As a result these proposals cannot be considered to represent a Stern-Gerlach 
measurement. The question that therefore must be addressed is whether there exists a physical 
implementation for either of these proposals. However, measurements making use of a coupling of 
the spin to the electromagnetic field will not yield these spin operators. 
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